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circle-1 Population protocols: interactions

All agents can interact pairwise
(complete topology)
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circle-1 Computability: example

Markov chain from configuration C = ι(bbbcc):
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circle-1 Computability: definition

• A configuration C is stable if

C→∗ C′ implies o(C) = o(C′)

• A protocol computes f : Σ⊕ → Γ⊕ if

∀w ∈ Σ⊕ ∀ι(w) →∗ C

• A protocol decides L ⊆ Σ⊕ if it computes f : Σ⊕ → {0, 1}⊕ s.t.

f(w) = 1 · · · 1 if w ∈ L
f(w) = 0 · · ·0 if w /∈ L

5/14



circle-1 Computability: definition

• A configuration C is stable if

C→∗ C′ implies o(C) = o(C′)

• A protocol computes f : Σ⊕ → Γ⊕ if

∀w ∈ Σ⊕ ∀ι(w) →∗ C

• A protocol decides L ⊆ Σ⊕ if it computes f : Σ⊕ → {0, 1}⊕ s.t.

f(w) = 1 · · · 1 if w ∈ L
f(w) = 0 · · ·0 if w /∈ L

pqr

pqq

pqrppq

p, r → p,p
q,q → q, r
q, r → q,q

o(p) = 1
o(q) = 1
o(r) = 0

5/14



circle-1 Computability: definition

• A configuration C is stable if

C→∗ C′ implies o(C) = o(C′)

• A protocol computes f : Σ⊕ → Γ⊕ if

∀w ∈ Σ⊕ ∀ι(w) →∗ C

• A protocol decides L ⊆ Σ⊕ if it computes f : Σ⊕ → {0, 1}⊕ s.t.

f(w) = 1 · · · 1 if w ∈ L
f(w) = 0 · · ·0 if w /∈ L

110

111

110111

p, r → p,p
q,q → q, r
q, r → q,q

o(p) = 1
o(q) = 1
o(r) = 0

5/14



circle-1 Computability: definition

• A configuration C is stable if

C→∗ C′ implies o(C) = o(C′)

• A protocol computes f : Σ⊕ → Γ⊕ if

∀w ∈ Σ⊕ ∀ι(w) →∗ C

• A protocol decides L ⊆ Σ⊕ if it computes f : Σ⊕ → {0, 1}⊕ s.t.

f(w) = 1 · · · 1 if w ∈ L
f(w) = 0 · · ·0 if w /∈ L

110

111

110111

p, r → p,p
q,q → q, r
q, r → q,q

o(p) = 1
o(q) = 1
o(r) = 0

5/14



circle-1 Computability: definition

• A configuration C is stable if

C→∗ C′ implies o(C) = o(C′)

• A protocol computes f : Σ⊕ → Γ⊕ if

∀w ∈ Σ⊕ ∀ι(w) →∗ C

• A protocol decides L ⊆ Σ⊕ if it computes f : Σ⊕ → {0, 1}⊕ s.t.

f(w) = 1 · · · 1 if w ∈ L
f(w) = 0 · · ·0 if w /∈ L

110

111

110111

111

p, r → p,p
q,q → q, r
q, r → q,q

o(p) = 1
o(q) = 1
o(r) = 0

5/14



circle-1 Computability: definition

• A configuration C is stable if

C→∗ C′ implies o(C) = o(C′)

• A protocol computes f : Σ⊕ → Γ⊕ if

∀w ∈ Σ⊕ ∀ι(w) →∗ C

• A protocol decides L ⊆ Σ⊕ if it computes f : Σ⊕ → {0, 1}⊕ s.t.

f(w) = 1 · · · 1 if w ∈ L
f(w) = 0 · · ·0 if w /∈ L

ι(w)

5/14



circle-1 Computability: definition

• A configuration C is stable if

C→∗ C′ implies o(C) = o(C′)

• A protocol computes f : Σ⊕ → Γ⊕ if

∀w ∈ Σ⊕ ∀ι(w) →∗ C ∃ stable D C→∗ D and o(D) = f(w)

• A protocol decides L ⊆ Σ⊕ if it computes f : Σ⊕ → {0, 1}⊕ s.t.

f(w) = 1 · · · 1 if w ∈ L
f(w) = 0 · · ·0 if w /∈ L

f(w)

f(w) f(w) f(w)
5/14



circle-1 Computability: definition

• A configuration C is stable if

C→∗ C′ implies o(C) = o(C′)

• A protocol computes f : Σ⊕ → Γ⊕ if

∀w ∈ Σ⊕ P
[
ι(w) →∗ o−1(f(w)) → o−1(f(w)) → · · ·

]
= 1

• A protocol decides L ⊆ Σ⊕ if it computes f : Σ⊕ → {0, 1}⊕ s.t.

f(w) = 1 · · · 1 if w ∈ L
f(w) = 0 · · ·0 if w /∈ L

f(w)

f(w) f(w) f(w)
5/14



circle-1 Computability: definition

• A configuration C is stable if

C→∗ C′ implies o(C) = o(C′)

• A protocol computes f : Σ⊕ → Γ⊕ if

∀w ∈ Σ⊕ P
[
ι(w) |= FG o−1(f(w))

]
= 1

• A protocol decides L ⊆ Σ⊕ if it computes f : Σ⊕ → {0, 1}⊕ s.t.

f(w) = 1 · · · 1 if w ∈ L
f(w) = 0 · · ·0 if w /∈ L

f(w)

f(w) f(w) f(w)
5/14



circle-1 Computability: definition

• A configuration C is stable if

C→∗ C′ implies o(C) = o(C′)

• A protocol computes f : Σ⊕ → Γ⊕ if

∀w ∈ Σ⊕ P
[
ι(w) →∗ o−1(f(w)) → o−1(f(w)) → · · ·

]
= 1

• A protocol decides L ⊆ Σ⊕ if it computes f : Σ⊕ → {0, 1}⊕ s.t.

f(w) = 1 · · · 1 if w ∈ L
f(w) = 0 · · ·0 if w /∈ L

5/14



circle-1 Computability: example (again)

Markov chain from configuration C = ι(bbbcc):

bottle-baby bottle-baby bottle-baby baby-carriagebaby-carriage

bottle-baby bottle-baby bottle-baby baby-carriagebaby-carriagebottle-baby bottle-baby baby-carriagebaby-carriagebaby-carriage bottle-baby bottle-baby bottle-baby bottle-baby baby-carriage
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12/208/20

2/20

4/20

4/204/20 4/20 4/20

6/20 4/20 2/20
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Markov chain from configuration C = ι(bbbcc):
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circle-1 Computability: majority vote

Proposition
This protocol decides Maj := {w ∈ {b, c}⊕ : |w|b > |w|c}:

ι(b) = bottle-baby bottle-baby baby-carriage → bottle-baby baby-carriage o( bottle-baby ) = 1
ι(c) = baby-carriage bottle-baby baby-carriage → bottle-baby bottle-baby o( bottle-baby ) = 1

baby-carriage bottle-baby → baby-carriage baby-carriage o(baby-carriage ) = 0
bottle-baby baby-carriage → baby-carriage baby-carriage o(baby-carriage ) = 0

Proof
• Invariant: ι(w) →∗ C implies C(y+)− C(n+) = |w|b − |w|c

• Almost surely: losing side gets fully passive
• Almost surely: winning side converts other side
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circle-1 Expressiveness

Theorem Angluin et al. (PODC’06)
L ⊆ Σ⊕ is decided by a population protocol iff L is semilinear

Examples

• |w|b ≥ |w|c
• |w|a ≡ |w|b (mod 2)
• 5|w|a − 3|w|b + |w|c ≥ 2 ∧ |w|a ≡ 0 (mod 7)

General case
Bool. comb. of

∑
σ∈Σ

kσ|w|σ ≥ m and
∑
σ∈Σ

kσ|w|σ ≡ m (mod q)
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Presburger arithmetic:

FO(N,+,≤)
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Same as commutative images of

regular/context-free languages

Parikh (JACM '66)
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circle-2 State complexity

How many states
suffice/required?
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circle-2 State complexity: majority

Let n := # agents and ϵ := |# yes− # no|/n

Protocol # states Expected time Err. prob.

Mertzios et al. (ICALP’14) 4 O( 1ϵ · n log n) 0

Angluin et al. (DISC’07) 3 O(n log n) ≤ 1
ec·ϵ2n

Alistarh et al. (PODC’15) 1
ϵ +O(log 1

ϵ · log n) O(log 1
ϵ · n log n) 0

Alistarh et al. (SODA’18) O(log n) O(n log2 n) 0

Berenbrink et al. (DISC’18) O(log n) O(n log5/3 n) 0

Ben-Nun et al. (PODC’20) O(log n) O(n log3/2 n) 0

Doty et al. (FOCS’21) O(log n) O(n log n) 0
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O(n2log n) if |#yes - #no| = 1
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Impossible to do better

(without errors)
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circle-2 State complexity: threshold

This protocol decides {w ∈ Σ⊕ : |w|a ≥ m}:

• Q = {0, 1, . . . ,m}

• ι(a) = 1, ι(σ) = 0 otherwise

• o(m) = 1, o(q) = 0 otherwise

• Transitions:
p,q→ min(p+ q,m),p+ q−min(p+ q,m)

m,q→ m,m

8/14



circle-2 State complexity: threshold

This protocol decides {w ∈ Σ⊕ : |w|a ≥ 2k}:

• Q = {0, 1, 2, 4, . . . , 2k}

• ι(a) = 1, ι(σ) = 0 otherwise

• o(2k) = 1, o(q) = 0 otherwise

• Transitions:
2i, 2i → 2i+1, 0 if i < k
2k,q→ 2k, 2k

8/14



circle-2 State complexity: threshold

This protocol decides {w ∈ Σ⊕ : |w|a ≥ m}:

• Q = {0, 1, 2, 4, . . . , 2⌊logm⌋,🧡}

• ι(a) = 1, ι(σ) = 0 otherwise

• o(🧡) = 1, o(q) = 0 otherwise

• Transitions:
2i, 2i → 2i+1, 0 if i < k

2i+1, 0→ 2i, 2i if i < k− 1
{2i : i ∈ bits(m)} → 🧡, . . . ,🧡

🧡,q→ 🧡,🧡

8/14
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This protocol decides {w ∈ Σ⊕ : |w|a ≥ m}:

• Q = {0, 1, 2, 4, . . . , 2⌊logm⌋,🧡}

• ι(a) = 1, ι(σ) = 0 otherwise

• o(🧡) = 1, o(q) = 0 otherwise

• Transitions:
2i, 2i → 2i+1, 0 if i < k

2i+1, 0→ 2i, 2i if i < k− 1
{2i : i ∈ bits(m)} → 🧡, . . . ,🧡

🧡,q→ 🧡,🧡

Emulated with O(log m) two-way transitions/states 8/14



circle-2 State complexity: threshold

Proposition B., Esparza, Jaax (STACS’18)

If P1,P2, . . . decide |w|a ≥ m, then
∞
∃m with |Pm| ≥ (logm)1/4

Theorem Czerner (DISC’24)
∃m1 < m2 < · · · ∈ N s.t. |w|a ≥ mn is decided by a family of
protocols with O(log logmn) states

Theorem Czerner, Esparza, Leroux (Distributed Comput.’23)
∀m1 < m2 < · · · ∈ N, any family of protocols for |w|a ≥ mn
has Ω(log logmn) states
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circle-2 State complexity: threshold

All thresholds Family of thresholds

Upper bound O(logm) O(log logmn)

Lower bound Ω(log1/4−ϵm) Ω(log logmn)

Holds even if leaders are allowed [+ Leroux (PODC’22)]

w 7→ C � ι(w)
a
baby

a
baby

b
baby

p
🧍

q
baby

q
baby

r
baby
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circle-2 State complexity: linear inequalities

This protocol decides L := {w ∈ Σ⊕ :
∑

σ∈Σ kσ|w|σ ≥ m}:

• Q = {♛,♟} × [−B..B]× {0, 1} with B := max(ka, kb, . . . ,m)

• ι(σ) = (♛, kσ, kσ ≥ m)

• o(s, i, x) = x

• Transitions:

(♛, i, x), (s, j, y) → (♛, c(i+ j), x), (♟, i+ j− c(i+ j), y)
(♛, i, x), (♟, j, y) → (♛, i, x ≥ m), (♟, j, x ≥ m)

where c(v) := max(min(v,B),−B)
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circle-2 State complexity: linear inequalities

+0
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circle-2 State complexity: linear inequalities

Theorem B., Esparza, Genest, Helfrich, Jaax (STACS’20)

• O(‖L‖) leaders suffice
• Leaders can be removed with a polynomial blow-up

Corollary
A linear inequality language L can be decided with
O(poly‖L‖) states
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• O(‖L‖) leaders suffice
• Leaders can be removed with a polynomial blow-up

Corollary
A linear inequality language L can be decided with
O(poly‖L‖) states

Extends to modulo constraints
and Boolean combinations
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circle-2 State complexity: general case

Protocol # states Expected time

Angluin et al. (PODC’04) O(2∥L∥) O(‖L‖ · n2 log n)
B. et al. (STACS’20) O(poly‖L‖) Ω(2n)

Czerner et al. (SAND’22) O(poly‖L‖) O(poly‖L‖ · n2)
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if n ∈ Ω(‖L‖)
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circle-3 Protocols with order

What happens if agents have
(unique) identifiers?
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circle-3 Agents with ordered IDs: example

This protocol decides {w ∈ {a,b}+ : w starts and ends with a}:

• Q =
{
sx : s ∈ {moon-last-quarter-inverse,moon-new-inverse,moon-full-inverse,moon-first-quarter-inverse}, x ∈ {a,b}

}
× {0, 1}

• ι(a) = moon-full-inversea, ι(b) = moon-full-inverseb

• O(sx) = 1, O(sx) = 0

• Transitions:

moon-full-inversex sy
<−→ moon-last-quarter-inversex sy moon-last-quarter-inversea moon-first-quarter-inversea

<−→ moon-last-quarter-inversea moon-first-quarter-inversea moon-last-quarter-inversex q
<−→ moon-last-quarter-inversex q

sx moon-full-inversey
<−→ sx moon-first-quarter-inversey moon-last-quarter-inversex moon-first-quarter-inverseb

<−→ moon-last-quarter-inversex moon-first-quarter-inverseb moon-last-quarter-inversex q
<−→ moon-last-quarter-inversex q

sx moon-last-quarter-inversey
<−→ sx moon-new-inversey moon-last-quarter-inverseb moon-first-quarter-inversey

<−→ moon-last-quarter-inverseb moon-first-quarter-inversey

moon-first-quarter-inversex sy
<−→ moon-new-inversex sy
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circle-3 Agents with ordered IDs: example

A protocol is immediate-observation if a single agent can
change in an interaction, i.e. transitions are of this form:

p,q −→ p′,q
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circle-3 Agents with ordered IDs: example

A protocol is immediate-observation if a single agent can
change in an interaction, i.e. transitions are of this form:

p,q −→ p′,q
p,q −→ p,q′

Unambiguous automaton for our imm.-obs. <-protocol:

a

a,b

a

11/14



circle-3 Agents with ordered IDs: expressiveness

Theorem B., Cadilhac, Courchesne, Guillou, Mascle, Vialard (ICALP’26)

L ⊆ Σ+ is decided by an immediate-observation <-protocol
iff it is unambiguous star-free

• partially-ordered unambiguous automata
• partially-ordered two-way deterministic automata

• LTL[F−1, F]
• FO2[<]

• Σ2[<] ∩ Π2[<]

• languages recognized by monoids from the variety DA

12/14



circle-3 Agents with ordered IDs: expressiveness

Theorem B., Cadilhac, Courchesne, Guillou, Mascle, Vialard (ICALP’26)

L ⊆ Σ+ is decided by an immediate-observation <-protocol
iff it is unambiguous star-free

• partially-ordered unambiguous automata
• partially-ordered two-way deterministic automata

• LTL[F−1, F]
• FO2[<]

• Σ2[<] ∩ Π2[<]

• languages recognized by monoids from the variety DA

12/14



circle-3 Agents with ordered IDs: expressiveness

Theorem B., Cadilhac, Courchesne, Guillou, Mascle, Vialard (ICALP’26)

L ⊆ Σ+ is decided by an immediate-observation <-protocol
iff it is unambiguous star-free

• partially-ordered unambiguous automata
• partially-ordered two-way deterministic automata

• LTL[F−1, F]
• FO2[<]

• Σ2[<] ∩ Π2[<]

• languages recognized by monoids from the variety DA

12/14



circle-3 Agents with ordered IDs: expressiveness

Median language: L := ∪
n∈NΣnaΣn

Partially-ordered Parikh automata:

L

s = t

s: Σ t: Σ

a

L

(s = t ∧
∨

σ ̸=a uσ = 1) ∨
(s ≡2 0 ∧

∧
σ ̸=a uσ = 0)

s: Σ

uσ : σ ∈ Σ \ {a}

t: Σ

Theorem B. et al. (ICALP’26)

If L and L are both recognized by p.o. Parikh automata, then
L is decided by a <-protocol
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circle-3 Agents with ordered IDs: expressiveness

Proposition B. et al. (ICALP’26)

• Any L ∈ NSPACE(n) is decidable by an imm. obs. +1-protocol

• Any L decided by a {+1, <}-protocol belongs to NSPACE(n)

Corollary
+1-protocols ≡ imm. obs. +1-protocols ≡ NSPACE(n)
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circle-3 Agents with ordered IDs: expressiveness

Community protocol :=
<-protocol+ constant number of ID registers per agent

Theorem Guerraoui, Ruppert (ICALP’09)
Community protocols ≡ NSPACE(n log n). Moreover, they can
resist to Byzantine failures of a constant number of agents
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circle-4 Protocols with data

What happens if the input
alphabet is infinite?
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circle-4 Infinite input alphabets
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circle-4 Infinite input alphabets

p🛑

q🛑

q▲q🟤

r🛑

• Datum from D is immutable

• Input/output mappings
depend only on Q

13/14



circle-4 Infinite input alphabets: expresiveness

Theorem B., Ladouceur (ICALP’23)

• Possible to compute “∃d ∈ D : d has the majority”

• Imm.-obs. protocols compute Boolean combinations of

distinct

∃ d1, . . . ,dn ∈ D :
n∧
i=1

m∧
j=1

#(di,qj) ∈ Ii,j

13/14
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circle-1 Population protocols: distributed computing
by stable consensus of agents with little power

circle-2 Succinct protocols, space vs. time trade-offs

circle-3 Immediate-observation <-protocols
≡ star-free unambiguous languages

circle-4 Majority with infinitely many options can be
decided with O(1) states
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circle-5 Conclusion: some open questions

State complexity:

• Majority: Is there an Ω(log n) unconditional
lower bound on (monotone) protocols with
expected time O(n logc n)?

• Modulo: Is there a family deciding |w|a ≡ 0
(mod mn) with O(log logmn) states?

• General case: exact state complexity?
O(‖L‖) unconditionally? Ω(‖L‖)?
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circle-5 Conclusion: some open questions

<-protocols and protocols with infinite alphabets:

• Expressiveness?
• State complexity?
• Expected time complexity?
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<-protocols and protocols with infinite alphabets:

• Expressiveness?
• State complexity?
• Expected time complexity?

Are unambiguous p.o. Parikh automata

closed under complementation?
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Thank you!
Merci!
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