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© State complexity: threshold

This protocol decides {w € £ : |w|q > m}:
- Q={0,1,...,m}
t(a) =1, (o) =0 otherwise
- o(m) =1, o(q) = 0 otherwise

+ Transitions:
p,q — min(p +q,m),p +q — min(p + g, m)
m,qg — m,m
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Proposition B., Esparza, Jaax (STACS'18)

If P1, P, ... decide [wla > m, then 3m with |Pm| > (log m)"/*

8/14



© State complexity: threshold

Proposition B., Esparza, Jaax (STACS'18)

If P1, P, ... decide [wla > m, then 3m with |Pm| > (log m)"/*

Theorem Czerner (DISC'24)
dmi; <my; <--- € Nst. |w|q > m, is decided by a family of
protocols with O(loglog m,) states

8/14



© State complexity: threshold

Proposition B., Esparza, Jaax (STACS'18)

If P1, P, ... decide [wla > m, then 3m with |Pm| > (log m)"/*

Theorem Czerner (DISC'24)
dmi; <my; <--- € Nst. |w|q > m, is decided by a family of
protocols with O(loglog m,) states

Theorem Czerner, Esparza, Leroux (Distributed Comput.23)
Vmi < my < --- € N, any family of protocols for |w|qa > m,
has Q(loglog my,) states

8/14



© State complexity: threshold
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© State complexity: threshold

All thresholds Family of thresholds

Upper bound O(log m) O(loglog my)

Lower bound  Q(log!"“~*m) Q(log log mp)

Holds even if leaders are allowed [+ Leroux (PODC'22)]

aab If qgqr
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(T XT XY (T XY X%
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@ State complexity: linear inequalities

This protocol decides L .= {w e X9 : 3" __s R, |W|, > m}:

Q= {w,8} x [-B..B] x {0,1} with B := max(Rq, Rp, ..., m)
(o) = (%, Ry, Ry > m)

« 0(s,i,x) =X

« Transitions:

(%, 0,x),(s,),y) = (#,¢(i+)), %), (8, +j—c(i+]),y)
(W, 1,%), (&,),y) = (%,i,x>m),(8,j,x>m)
where c(v) := max(min(v, B), —B)
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- Q={w, 8} x [-B..B] x {0,1} with B := max(Rq, Rp, ..., m)
* (o) = (&, Ry, Re > M)
« 0(s,i,x) =X
« Transitions:
(R, 1,X), (S,],y) — (%, (i +)),x), (R,i +j—c(i+)),y)
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@ State complexity: linear inequalities

This protocol decides L := {w € £% : 3" __s Rs|W|, > m}:
. Q= {8} x [~B..B] x {0,1} with B := max(Ra, kp, - .., m)
(o) = (S ko Ry > m)
« 0(s,i,x) =X
« Transitions:
(¥,1,%),(s,),y) — (%, c(i +)),%), (&,i +j — c(i +j),Y)
(w,i,x),(8,),y) — (®,i,x >m),(8,j,x > m)
where c(v) := max(min(v, B), —B)
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Protocol it states Expected time
Angluin et al. (Popc'os)  O(2IIH) O(|IL|| - n?log n)
B. et al. (STACS'20) O(poly L) €(2")
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© Protocols with order

What happens if agents have
(unique) identifiers?
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© Agents with ordered IDs: example

This protocol decides {w € {a,b} " : w starts and ends with a}:

» Q= {5x:5€{0,0,@ 0},x<{a,b}} x{0,1}
* 1(a) = @, u(b) = @

£ 0(5) =1, 0(5¢) = 0

+ Transitions:

.xsyioxsy anaéoaoa quioxq
sx @y = 5 @y 0P = 0D, 0.9 > 0,9
SX')yi>SX<)y Db Oyi>0b Oy
Oxsy;Oxsy
1/14



© Agents with ordered IDs: example

A protocol is immediate-observation if a single agent can
change in an interaction, i.e. transitions are of this form:

p,qg —p'.q
p,q —p,q

« Transitions:

.xsyioxsy anaéoaoa qui>0xq
sx @y = 5 @y 0P = 0D, 0.9 > 0,9
Sxoyésx Oy Db Oyi>0b Oy
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© Agents with ordered IDs: example

A protocol is immediate-observation if a single agent can
change in an interaction, i.e. transitions are of this form:

p,qg —p'.q
p,q —p,q

Unambiguous automaton for our imm.-obs. <-protocol:

a,b

OO0

1/14



© Agents with ordered IDs: expressiveness

Theorem B., Cadilhac, Courchesne, Guillou, Mascle, Vialard (ICALP’26)
L C ¥t is decided by an immediate-observation <-protocol
iff it is unambiguous star-free
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Theorem B., Cadilhac, Courchesne, Guillou, Mascle, Vialard (ICALP’26)
L C ¥t is decided by an immediate-observation <-protocol
iff it is unambiguous star-free

f_/

- partially-ordered unambiguous automata
- partially-ordered two-way deterministic automata

« LTL[F",F]
- FO’[<]
. Zz[<] N ﬂ2[<]

- languages recognized by monoids from the variety DA
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© Agents with ordered IDs: expressiveness

Theorem B., Cadilhac, Courchesne, Guillou, Mascle, Vialard (ICALP’26)

L C ¥t is decided by an immediate-observation <-protocol
iff it is unambiguous star-free

« partially-ordere

DIAMONDS ARE FOREVER:
« partially-ordere THE VARIETY DA
—1 PASCAL TESSON AND DENIS THERIEN
° LTL[F 9 F] School of Computer Science, McGill University,
FOZ[ ] 3480 rue University, Montréal, Québec,
o <

H3A 247, Canada.

E-mail: {ptesso, denis} @ cs.megill. ca.
* D[<]NMy[<]

We survey different characterizations (algebraic, combinatorial, automata-theo-
retic, logical) of the variety DA, the class of monoids whose regular D-class

aperiodic semigroups. We study the interconnections of such characteriz
+ languages reca

outline the importance of this va

form

s and
riety in various computational complexity issues,

12/14
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© Agents with ordered IDs: expressiveness

Median language: L = | J, . X"ax"

Partially-ordered Parikh automata:

( ) 6 4@%062\{0}6

(s=tAV,qUs=1)
(=207 /\‘,T:au‘ =0)

Theorem B. et al. (ICALP’26)

If L and L are both recognized by p.o. Parikh automata, then
L is decided by a <-protocol
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© Agents with ordered IDs: expressiveness

Proposition B. et al. (ICALP'26)
+ Any L € NSPACE(n) is decidable by an imm. obs. +1-protocol

- Any L decided by a {+1, <}-protocol belongs to NSPACE(n)
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© Agents with ordered IDs: expressiveness

Proposition B. et al. (ICALP'26)
+ Any L € NSPACE(n) is decidable by an imm. obs. +1-protocol

- Any L decided by a {+1, <}-protocol belongs to NSPACE(n)

Corollary
+1-protocols = imm. obs. +1-protocols = NSPACE(n)

12/14



© Agents with ordered IDs: expressiveness

Community protocol =

<-protocol + constant number of ID registers per agent
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© Agents with ordered IDs: expressiveness

Community protocol :—

<-protocol + constant number of ID registers per agent

Theorem Guerraoui, Ruppert (ICALP’09)
Community protocols = NSPACE(n log n). Moreover, they can
resist to Byzantine failures of a constant number of agents

12/14



O Protocols with data

What happens if the input
alphabet is infinite?



O Infinite input alphabets

Majority vote with unboundedly many options

D={@ 80O A® )
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O Infinite input alphabets

e « Datum from D is immutable

« Input/output mappings
depend only on Q
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O Infinite input alphabets: expresiveness

Theorem B., Ladouceur (ICALP’'23)

+ Possible to compute “dd € D : d has the majority”

« Imm.-obs. protocols compute Boolean combinations of
distinct

n m
Jdi,....dyeD: \ \ #(di,q)) € I

=1 j=1

13/14
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© Conclusion: summary

O Population protocols: distributed computing
by stable consensus of agents with little power

@ Succinct protocols, space vs. time trade-offs

© Immediate-observation <-protocols
= star-free unambiguous languages

O® Majority with infinitely many options can be
decided with O(1) states

1414



© Conclusion: summary

O Population protocols: distributed computing
by stable consensus of agents with little power

@ Succinct protocols, space vs. time trade-offs

© Immediate-observation <-protocols
= star-free unambiguous languages

O® Majority with infinitely many options can be
decided with O(1) states

14/14



© Conclusion: summary

O Population protocols: distributed computing
by stable consensus of agents with little power

@ Succinct protocols, space vs. time trade-offs

© Immediate-observation <-protocols
= star-free unambiguous languages

O® Majority with infinitely many options can be
decided with O(1) states

1414



© Conclusion: summary

O Population protocols: distributed computing
by stable consensus of agents with little power

@ Succinct protocols, space vs. time trade-offs

© Immediate-observation <-protocols
= star-free unambiguous languages

O® Majority with infinitely many options can be
decided with O(1) states

1414



© Conclusion: some open questions

State complexity:

* Majority: Is there an Q(log n) unconditional
lower bound on (monotone) protocols with
expected time O(nlog n)?

* Modulo: Is there a family deciding |w|q = 0
(mod mp) with O(log log m,) states?

- General case: exact state complexity?
O(|IL]]) unconditionally? Q(||L||)?
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© Conclusion: some open questions

<-protocols and protocols with infinite alphabets:

- Expressiveness?
- State complexity?
- Expected time complexity?

Ar‘e unambéuous P .O. Paf‘l/<L\ au+OMa+a
CIOSQC‘ VV\Clef‘ complemen+a+uon
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Thank you!
Merci!



